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Abstract

In this paper, we will discuss the stress and strength reliability and the fuzzy
stress and strength reliability based on the generalized mixtures of exponential
distribution. A fuzzy membership function is defined as a function of the dif-
ference between stress and strength values and is increasing whenever X > Y .
Several estimation methods, such as Maximize likelihood estimation method,
Weighted Least squared estimation method and Percentile estimation method,
will be provided to estimate the corresponding measures. Simulation studied are
constructed to compare the performances of the proposed estimators. The com-
parisons are based on the biases, mean squared errors (MSEs) and the efficiency
of the estimators. One data analysis has been performed for illustrative purpose.
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1 Introduction

Stress and strength reliability analysis often involves the use of probability theory and
statistics to quantify the likelihood of failure under different scenarios. For two inde-
pendent random variables, X and Y , the stress and strength reliability is defined as
R = P (X > Y ). If the stress X is greater than strength Y , it may result in component
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failure or system malfunction. The accurate prediction of stress and strength relia-
bility is crucial for ensuring the safety, performance, and longevity of these systems.
Such as, through the studying the stress and strength reliability, engineers can design
engines that minimize the risk of failure, ensuring the safety of passengers and crew;
manufacturers can reduce the risk of component failures, improve vehicle safety, and
enhance customer satisfaction. Researchers in this field employ a range of analytical
and experimental techniques to study the stress and strength behavior of materials
and components. In the context of stress-strength models, Kelley et al. (1976) [1] and
Tong (1974, 1977) [2, 3] considered the estimation of stress and strength reliability
for two independent exponential random variables. Awad et al. (1981) [4] studied the
stress and strength reliability of two bivariate exponential distribution. Kundu and
Gupta (2005) [5] dealed with the estimation of P (Y < X) when X and Y are two
independent generalized exponential distributions with different shape parameters but
having the same scale parameters. Saraçoğlu et al. (2012) [6] studied the estimation
of R = P (Y < X) for exponential distribution under progressive type-II censoring.
Yazgan at al. (2022) [7] considered the estimation of stress-strength reliability in the
presence of the fuzziness when the two random variables follow the WE distribution.
Kumari et al. (2023) [8] studied the stress?strength reliability for inverse exponentiated
distributions.

However, most of the engineering process inherently have uncertainty that must
be dealt with and represented effectively. Sometimes, the data cannot be reported
precisely under some unexpected situations. In addition, the subjective evaluation of
the lifetime data leads to the fuzziness. In order to overcome these problems, sev-
eral researchers paid attention to apply the fuzzy set theory, which was introduced by
Zadeh (1999) [9]. Such as, Huang (1995) [10] introduced a methodology for the relia-
bility modeling in the presence of fuzziness and extended conventional reliability into
fuzzy reliability by using the notion of probability measure of the fuzzy event. Cai
(1996) [11] presented an overview on the application of fuzzy methodology by repre-
senting the failure in terms of fuzzy sets. Huang et al. (2006) [12] studied on estimates
of the parameters and the reliability function of multi-parameter lifetime distributions
representing the lifetime data with fuzzy measures. Li and Kapur (2013) [13] proposed
fuzzy reliability measures treating success and failure as a fuzzy state. Eryilmaz and
Tütüncü (2015) [14] introduced the fuzzy stress-strength reliability for a single unit
and defined some properties of fuzzy reliability using a fuzzy membership function
which is related to the value of (x − y). Recently, Yazgan et al. (2022) [7] study the
reliability of the stress-strength model in the presence of the fuzziness when the stress
and strength variables have weighted exponential distribution with the common shape
parameter. Hassan and Muse (2023) [15] consider the Bayesian and non-Bayesian esti-
mation of the stress-strength model and the mean remaining strength when there is
fuzziness for stress and strength random variables having Lindley’s distribution with
different parameters. Milos̆ević and Stanojević (2024) [16] introduce a novel member-
ship function for the definition of fuzzy stress-strength reliability of a two component
system.

The generalized mixture exponential (GME) distribution, which was proposed by
Yang et al. (2021) [17], offers more flexible distributions with applications in lifetime
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modeling. A random variable X is said to have a GME distribution if its probability
density function (pdf) is of the following form,

f(x;λ, α, β) =
(α+ 1)λ

α+ 1 + αβ
e−λx[1 + β(1− e−αλx)], x > 0, (1)

where α > 0 is the scale parameter, λ > 0 and β ≥ −1 are the shape parameters, and
we denote it as X ∼ GME(λ, α, β). Moreover, the cumulative distribution function
(cdf) of X ∼ GME(λ, α, β) is given by,

F (x;λ, α, β) = 1 +
βe−(α+1)λx

α+ 1 + αβ
− (α+ 1)(β + 1)e−λx

α+ 1 + αβ
.

Based on Yang et al. (2021) [17], we know that the GME distribution offers more
flexible distribution, which includes the exponential distribution and weighted expo-
nential distribution. To the best our knowledge, there has been no previous work
handling the reliability and the mean remaining strength models within the frame-
work of fuzziness based on the GME distribution. The rest of the article is organized
as follows. The stress and strength reliability based on the GME distribution is intro-
duced in Section 2. Some estimation methods are studied in Section 3. Simulations are
conducted to investigate and compare the performances of the proposed estimation
methods in Section 4. The real data application is analyzed for illustrating the useful-
ness of the proposed method in Section 5. Some conclusions are presented in Section
6.

2 Stress and strength reliability

In this section, we will discuss the measure of the stress and strength reliability, R,
fuzzy stress and strength reliability, RF , mean remaining stress reliability, MSR and
bounds of the RF .
Theorem 1. Let X ∼ GME(λ1, α1, β1) and Y ∼ GME(λ2, α2, β2) are independent,
and define R = P (X > Y ). Then

R =
(α1 + 1)λ1(α2 + 1)λ2

(α1 + 1 + α1β1)(α2 + 1 + α2β2)

[
(1 + β1)(1 + β2)

λ1(λ1 + λ2)
− β2(1 + β1)

λ1(λ1 + λ2 + α2λ2)

− β1(1 + β2)

λ1(1 + α1)(λ1 + λ2 + α1λ1)
+

β1β2

λ1(1 + α1)(λ1 + λ2 + α1λ1 + α2λ2)

]
Proof. Based on the definition of the stress and strength reliability, we can obtain

R = P (X > Y ) =

∫∫
x>y

dFX(x)dFY (y)

=

∫ ∞

0

∫ ∞

y

f(x;λ1, α1, β1)f(y;λ2, α2, β2)dxdy
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=

∫ ∞

0

∫ ∞

y

(α1 + 1)λ1

α1 + 1 + α1β1
e−λ1x[1 + β1(1− e−α1λ1x)]

(α2 + 1)λ2

α2 + 1 + α2β2
e−λ2y[1 + β2(1− e−α2λ2y)]dxdy

=
(α1 + 1)λ1(α2 + 1)λ2

(α1 + 1 + α1β1)(α2 + 1 + α2β2)

∫ ∞

0

∫ ∞

y

e−λ1x[1 + β1(1− e−α1λ1x)]e−λ2y[1 + β2(1− e−α2λ2y)]dxdy

=
(α1 + 1)λ1(α2 + 1)λ2

(α1 + 1 + α1β1)(α2 + 1 + α2β2)

[
(1 + β1)(1 + β2)

λ1(λ1 + λ2)
− β2(1 + β1)

λ1(λ1 + λ2 + α2λ2)

− β1(1 + β2)

λ1(1 + α1)(λ1 + λ2 + α1λ1)
+

β1β2

λ1(1 + α1)(λ1 + λ2 + α1λ1 + α2λ2)

]

Corollary 2.1. Let X ∼ GME(λ1, α1, β1) and Y ∼ GME(λ2, α2, β2) are indepen-
dent, we have,
(i) For β1 = β2 = −1,

R =
λ2(1 + α2)

λ1 + λ2 + α1λ1 + α2λ2
.

(ii) For β1 → ∞ and β2 → ∞,

R =
(α1 + 1)(α2 + 1)λ2

2

α1

[
1

(λ1 + λ2)(λ1 + λ2 + α2λ2)

− 1

(1 + α1)(λ1 + λ2 + α1λ1)(λ1 + λ2 + α1λ1 + α2λ2)

]
.

(iii) For λ1 = λ2,

R =
(α1 + 1)(α2 + 1)

(α1 + 1 + α1β1)(α2 + 1 + α2β2)

[
(1 + β1)(1 + β2)

2

− β2(1 + β1)

2 + α2
− β1(1 + β2)

2 + α2
+

β1β2

(1 + α1)(2 + α1α2)

]
.

(iv) For λ1 = λ2, α1 = α2, and β1 = β2, we have R = 1
2 .

According to Yang et al.(2021) [17], the GME(λ, α, β) distribution is reduced to
WE(λ, α) distribution. Moreover, if set α1 = α2 = α, we can obtain

R =
λ2
2

[
(3 + 3α+ α2)λ1 + (1 + α)λ2

]
(λ1 + λ2)(λ1 + λ2 + αλ1)(λ1 + λ2 + αλ2)

,

which is the same as equation (7) in [7].
For different values of λ1, β1, λ2, β2, the values of R are plotted in the Figure 1,

which indicate that the R can generate curves with various shapes. According to the
figure 1, we can see that the values of R increase as the values of β increase, however,
the trend is opposite for the α.
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Fig. 1 The R curves for different parameters.

In the following, we discuss the fuzzy stress and strength reliability of two
independent GME distribution, which is defined as follows,

RF = P (X ≻ Y ) =

∫∫
x>y

µA(y)(x)dFX(x)dY (y), (2)

where A(y) = {x : x > y}, and

µA(y)(x) =

{
0, y ≥ x

1− e−k(x−y), y < x,

where k ∈ R.
Theorem 2. Let X ∼ GME(λ1, α1, β1) and Y ∼ GME(λ2, α2, β2) are independent.
Then the fuzzy stress and strength reliability is

RF =
k(α1 + 1)λ1(α2 + 1)λ2

(α1 + 1 + α1β1)(α2 + 1 + α2β2)

[
(1 + β1)(1 + β2)

λ1(λ1 + k)(λ1 + λ2)
− β2(1 + β1)

λ1(λ1 + k)(λ1 + λ2 + α2λ2)

− β1(1 + β2)

λ1(1 + α1)(λ1 + α1λ1 + k)(λ1 + λ2 + α1λ1)

+
β1β2

λ1(1 + α1)(λ1 + α1λ1 + k)(λ1 + λ2 + α1λ1 + α2λ2)

]
.

Proof. Based on the Equation 2, we can get that

RF =
(α1 + 1)λ1(α2 + 1)λ2

(α1 + 1 + α1β1)(α2 + 1 + α2β2)∫ ∞

0

∫ ∞

y

(1− e−k(x−y))e−λ1x[1 + β1(1− e−α1λ1x)]e−λ2y[1 + β2(1− e−α2λ2y)]dxdy
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=
k(α1 + 1)λ1(α2 + 1)λ2

(α1 + 1 + α1β1)(α2 + 1 + α2β2)

[
(1 + β1)(1 + β2)

λ1(λ1 + k)(λ1 + λ2)
− β2(1 + β1)

λ1(λ1 + k)(λ1 + λ2 + α2λ2)

− β1(1 + β2)

λ1(1 + α1)(λ1 + α1λ1 + k)(λ1 + λ2 + α1λ1)

+
β1β2

λ1(1 + α1)(λ1 + α1λ1 + k)(λ1 + λ2 + α1λ1 + α2λ2)

]
.

For different values of k, the values of RF,k versus λ, α, and β are presented in the
Figure 2, which indicate that the RF,k can generate curves with various shapes.

Fig. 2 The RF,k curves for different parameters and k.

Corollary 2.2. Let X ∼ GME(λ1, α1, β1) and Y ∼ GME(λ2, α2, β2) are indepen-
dent, we can have
(i) For β1 = β2 = −1,

RF =
kλ2(1 + α2)

(λ1 + α1λ1 + k)(λ1 + λ2 + α1λ1 + α2λ2)

(ii) For β1 → ∞,β2 → ∞

RF =
k(α1 + 1)(α2 + 1)λ2

2

α1

[
1

(λ1 + k)(λ1 + λ2)(λ1 + λ2 + α2λ2)

− 1

(1 + α1)(λ1 + α1λ1 + k)(λ1 + λ2 + α1λ1)(λ1 + λ2 + α1λ1 + α2λ2)

]
According to Yang et al.(2021) [17], the GME(λ, α, β) distribution is reduced to

E(λ(α+1)) distribution as β = −1, which the same result as the Example 1 in Eryilmaz
and Tütüncü (2015) [14]. Besides, for different k, we denote RF,k to its corresponding
RF value for easy representation.
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3 Methods of Estimation

In this section, we consider the methods of maximum likelihood, percentile, and
weighted least-square to estimate the unknown parameters, θ = (λ, α, β), of the GME
distribution. Suppose x1, x2, · · · , xn is a random sample from GME(λ, α, β).

3.1 Maximum Likelihood Estimator

The method of maximum likelihood is the most frequently used method for parameter
estimation. According to the Equation (1), the likelihood function is calculated as

L(λ, α, β|x1, · · · , xn) =

(
(α+ 1)λ

α+ 1 + αβ

)n

e
−λ

n∑
i=1

xi
n∏

i=1

[1 + β(1− e−αλxi)].

The log-likelihood function is given by

ℓ(λ, α, β|x1, · · · , xn) = n[log(α+ 1) + log(λ)− log(α+ 1 + αβ)]− λ

n∑
i=1

xi

+

n∑
i=1

log[1 + β(1− e−αλxi)].

(3)

We denote the first partial derivatives of (3) by ℓλ, ℓα and ℓβ . Setting ℓλ = 0,
ℓα = 0, and ℓβ = 0, we have

ℓλ =
n

λ
−

n∑
i=1

xi +

n∑
i=1

βαxie
−αλxi

1 + β(1− e−αλxi)
= 0,

ℓα =
n

α+ 1
− n(1 + β)

α+ 1 + αβ
+

n∑
i=1

βλxie
−αλxi

1 + β(1− e−αλxi)
= 0,

ℓβ = − nα

α+ 1 + αβ
+

n∑
i=1

1− e−αλxi

1 + β(1− e−αλxi)
= 0.

The maximum likelihood estimator (MLE) θ̂ of the unknown parameters θ can
be obtained by optimizing the log-likelihood function with respect to the involved
parameters. Due to the non-linearity of these equations, the MLEs of parameters
can be obtained numerically. These estimators can be easily obtained by using the
functions from the statistical software R.

3.2 Percentile Estimator

The percentile estimators (PE) are mainly obtained by minimizing the distance
between the sample percentile and population percentile points. In the following, we
apply this approach on the GME distribution to obtain the parameter estimators.
Suppose F (x(j)) denotes the distribution function of the ordered random variables
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x(1) < · · · < x(n). Let Pi =
i

n+1 be the unbiased estimator of F (x(i);λ, α, β). Define
the following function

h(λ, α, β) =

n∑
i=1

[
lnPi − ln(F (x(i);λ, α, β))

]2
, (4)

where F (x;λ, α, β) =
β

α+ 1 + αβ
[e−λ(1+α)x − e−λx] − e−λx + 1. The PE of θ can

be obtained by minimizing h(λ, α, β). Therefore, θ̂ can be obtained by solving the
following equations,

∂h(λ, α, β)

∂λ
=

n∑
i=1

{
2Qi

{ β

α+ 1 + αβ

[
− (1 + α)Ci +Bi

]
+Bi

}}
= 0,

∂h(λ, α, β)

∂α
=

n∑
i=1

{
2Qi

{ −(1 + β)

(α+ 1 + αβ)2
[e−λ(1+α)X(i) − e−λX(i) ]− βλ

α+ 1 + αβ
Ci

}}
= 0,

∂h(λ, α, β)

∂β
=

n∑
i=1

{
2Qi

{ 1− α

(α+ 1 + αβ)2
[e−λ(1+α)X(i) − e−λX(i) ]

}}
= 0,

where Qi =
β

α+ 1 + αβ
[e−λ(1+α)x(i) − e−λx(i) ]− e−λx(i) + 1− i

n+ 1
, Bi = x(i)e

−λx(i)

and Ci = x(i)e
−λ(1+α)x(i) .

3.3 Weighted Least-Square Estimator

The weighted least-square estimator (WLS) is an extension of LS and proposed by
Swain et al. (1988), which studied the WLS is obtained by minimizing the function

W (λ, α, β) =

n∑
i=1

(n+ 1)2(n+ 2)

i(n− i+ 1)

[
F (x(i);λ, α, β)−

i

n+ 1

]2
,

where F (·) function has been given in Equation (4). Therefore, the WLS estimator of
θ can be obtained by

∂W (λ, α, β)

∂λ
=

n∑
i=1

{
2(n− 1)2(n+ 2)

i(n− i+ 1)
Qi

{ β

α+ 1 + αβ

[
− (1 + α)Ci +Bi

]
+Bi

}}
= 0,

∂W (λ, α, β)

∂α
=

n∑
i=1

{
2(n− 1)2(n+ 2)

i(n− i+ 1)
Qi

{ −(1 + β)

(α+ 1 + αβ)2
[e−λ(1+α)x(i) − e−λx(i) ]

− βλ

α+ 1 + αβ
Ci

}}
= 0,

∂W (λ, α, β)

∂β
=

n∑
i=1

{
2(n− 1)2(n+ 2)

i(n− i+ 1)
Qi

{ 1− α

(α+ 1 + αβ)2
[e−λ(1+α)x(i) − e−λx(i) ]

}}
= 0,
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where Qi, Bi and Ci, i = 1, · · · , n, are defined as above.

4 Simulation studies

In this section, we would like to study the reliability and fuzzy reliability for the GME
distribution based on different estimation methods. All the program are conducted by
the R programming. In addition, the values of MRS and fuzzy MRS are also studied.
The study is designed with N = 1000 repetitions for different values of (λ, α, β).
To address the performance of the proposed method, the bias and mean squared
error(MSE) are obtained by the following

Bias(θ̂) =
1

N

N∑
i=1

(θ̂i − θ),

MSE(θ̂) =
1

N

N∑
i=1

(θ̂i − θ)2,

SD(θ̂) =

√√√√ 1

N − 1

N∑
i=1

(θ̂i − θ)2.

We take the sample size n = {20, 50, 100, 200, 300, 400, 500} for each simulation,
and consider k = {1, 10, 100} for RF as Yazgan et al. (2022) [7]. Furthermore, we con-
sider three scenarios as: (i) θX = (1, 5,−0.5) and θY = (2, 1, 1.5); (ii) θX = (1, 5,−0.5)
and θY = (3, 10, 5); (iii) θX = (2, 1, 1.5) and θY = (3, 10, 5), where θX and θY are the
parameters of θ for data X and Y , respectively. The simulation results are shown in
Tables 1-3.
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From Tables 1-3, we find that the values of SDs of all three estimators decrease
with the increase of sample size n, and the estimated values obtained from these three
estimators are close to the true value. This means that when n is large, all estimators
will tend to have higher accuracy. For the selected evaluation metrics Bias and MSE, we
can see that as n increases, they both approach to 0, indicating that these estimators
are asymptotically unbiased and consistent with the parameters.

In addition, in order to observe the changes more intuitively, we plotted the values
of Bias and MSE for the estimators with different sample sizes n, as shown in Figures
3-4. Furthermore, by comparing the three estimation methods, we can find that the
MLE method performs the best, followed by the PE method and the WLS Method.

Fig. 3 Bias of estimators versus sample size n for scenario 1.
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Fig. 4 MSE of estimators versus sample size n for scenario 1.

5 Application

In this section, we consider a real data set which is about the breaking strength of jute
fibre (BSJF) provided by Xia et al. (2009) [18] for illustrative purposes. Each fiber
group is made up of 30 fibers. Let X is the breaking strength of jute fibre at 10mm,
and Y is the breaking strength of jute fibre at 20mm. The detailed information of the
data is displayed in Table 4.

To check the validity of the GME distribution with data for the 10mm and 20mm,
we apply Anderson-Darling goodness of fit test when the parameters are obtained
by the maximum likelihood method. The values of Anderson-Darling statistic (AD),
adjusted AD statistic (AD*) and the corresponding p-value for the GME distribution
are presented in Table 5.

From Table 5, it can be seen that the p-values of X and Y are both higher than
0.05, which cannot reject the null-hypothesis of distribution. This indicates that the
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Table 4 The BSJF data set.

No. 10mm(X) 20mm(Y ) No. 10mm(X) 20mm(Y ) No. 10mm(X) 20mm(Y )

1 693.73 71.46 11 671.49 578.62 21 262.90 547.44
2 704.66 419.02 12 183.16 756.70 22 353.24 116.99
3 323.83 284.64 13 257.44 594.29 23 422.11 375.81
4 778.17 585.57 14 727.23 166.49 24 43.93 581.60
5 123.06 456.60 15 291.27 99.72 25 590.48 119.86
6 637.66 113.85 16 101.15 707.36 26 212.13 48.01
7 383.43 187.85 17 376.42 765.14 27 303.90 200.16
8 151.48 688.16 18 163.40 187.13 28 506.60 36.75
9 108.94 662.66 19 141.38 145.96 29 530.55 244.53
10 50.16 45.58 20 700.74 350.70 30 177.25 83.55

Table 5 The values of AD,
AD* and the corresponding
p-value of the BSJF data.

X Y

AD value 0.692 0.572
AD* value 0.711 0.587
p-value 0.064 0.126

BSJF data set follow the GME distribution. Therefore, we used the MLE method, the
PE method, and the WLS method to calculate the R and RF at different values of k,
and the results are shown in Table 6. It can be seen from the table that the estimated
values obtained by the three methods are not significantly different, indicating that
the three methods perform well.

Table 6 The R, RF,1, RF,10 and RF,100 of
different estimation methods for the BSJF
data.

Method R RF,1 RF,10 RF,100

MLE 0.514 0.512 0.513 0.514
Per 0.538 0.537 0.538 0.538
WLS 0.525 0.524 0.525 0.525

In Table 6, we can find that the estimated values of R are greater than the values
of RF,k for all the estimation method. Also, as the values of k increase, the fuzzy
estimators of RF,k are approximately equal to the classical estimators R.

6 Conclusion

This article considers the estimation of stress and strength reliability and fuzzy stress
and strength reliability based on a new life time data model. The values of R and RF

are obtained for the generalized mixture exponential distribution with different values
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of parameters. Three different estimation methods are studied and the simulation
studies show that the MLE method has the best performance than the others. Finally,
the real data application show that the reliability and fuzzy reliability are almost
identical.
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